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In this paper, we introduce two types of rational filters for the construction of
wavelets. The rational filters are a natural development of the polynomial filters.
We use rational filters to derive a large family of the wavelets which can include
Daubechies wavelets and Battle]Lemarie wavelets. Especially the II-type rationalÂ
filter wavelets among the family have linear phases. Furthermore, we analyze the
regularity of the rational filter wavelets and estimate their regularity indices. Some
examples are also given. Q 1999 Academic Press
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1. INTRODUCTION
We have known that a scaling function w, which generates a multireso-
2Ž .lution analysis in L R , satisfies the dilation equation
w x s h w 2 x y k , 1.1Ž . Ž . Ž .Ý k
kgZ
where Z is integer set. When the filter coefficients h and the scalingk
function w are available, the corresponding orthogonal wavelet is given by
k
c x s y1 h w 2 x y k . 1.2Ž . Ž . Ž . Ž .Ý 1yk
kgZ
Ž . Ž .Denote the Fourier transform of w by w. Then 1.1 and 1.2 give theÃ
relations
w v s H vr2 w vr2 1.3Ž . Ž . Ž . Ž .Ã Ã
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and
Ãc v s G vr2 w vr2 , 1.4Ž . Ž . Ž . Ž .Ã
where
1 yi k vH v s h e 1.5Ž . Ž .Ý k2
kgZ
and
k1 yi k v yivG v s y1 h e s ye H v q p . 1.6Ž . Ž . Ž . Ž .Ý 1yk2
kgZ
Ž .The H v plays an important role in wavelet theory. It is called the
filter function or filter for short. The orthonormality of the function
Ž . w xw ?y k , k g Z can be expressed by the relation 1, p. 132
2 2
H v q H v q p s 1. 1.7Ž . Ž . Ž .
Ž . Ž .If w 0 / 0, then 1.3 leads toÃ
H 0 s 1. 1.8Ž . Ž .
Ž . Ž . Ž . Ž .Further, 1.7 and 1.8 lead to H p s 0. If H v has an N-fold zero at
Ž .p , then H v can be factorized by
Nyiv1 q e
yi vH v s F e , 1.9Ž . Ž . Ž .ž /2
where
F eyi v s f eyi k v .Ž . Ý k
kgZ
Ž . Ž .1.3 and 1.9 will formally lead to
Njyi v r2‘ 1 q e jyi v r2w v s F e w 0Ž . Ž .Ž .Ã ÃŁ ž /2js1
‘
jNyi Nv r2 yiv r2s e sin vr2 r vr2 F e w 0 . 1.10Ž . Ž . Ž . Ž .Ž . ÃŁ
js1
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‘ Ž yi v r2 j. wThe infinite product Ł F e makes sense under the conditions 2,js1
xp. 951
yi v Ny1sup F e - 2 1.11Ž . Ž .
vgR
and
< < < < «f k - ‘, for some « ) 0. 1.12Ž .Ý k
kgZ
Ž . Ž .The conditions 1.11 and 1.12 ensure that the scaling function corre-
Ž .sponding to the filter 1.9 exists.
The celebrated work of Daubechies gives explicit construction of the
Ž . Ž .compactly supported wavelets by using polynomial filters; i.e., F z in 1.9
is a polynomial.
In this paper, we use rational rather than polynomial filters to generate
wavelets. Our principal purpose is to extend the construction of wavelets
as well as yield good wavelets such as linear phase wavelets and more
regular wavelets. In general, rational filters will lead to infinite support
wavelets. The strong link between the construction of wavelets and ratio-
w xnal filters has been investigated in 3, 4 . The use of certain particular
w xrational filters for the construction of wavelets was discussed in 5 . Herley
w xand Vetterli 4 gave a complete constructive method which yields orthogo-
nal two channel filter banks, where the filters have rational transfer
functions. In this paper, we introduce two types of rational filters which
are designated as I-type and II-type, and derive linear phase wavelets and
more regular wavelets than Daubechies' from them.
In Section 2 of this paper, we give the definition of the rational filters
and discuss how to construct a rational filter. In Section 3, the relations
between rational filters and Battle]Lemarie wavelets are investigated. TheÂ
fourth section relates to the estimation of regularity indices for rational
filter wavelets. In Section 5, we give some examples of rational filters and
perform the numerical computation.
2. RATIONAL FILTERS
Ž . ŽŽ yi v . .N Ž yi v .DEFINITION. For a filter H v s 1 q e r2 F e , we call
Ž . Ž .H v a rational filter if F z is a real coefficient rational function or the
modulus of a real coefficient rational function.
Ž . < Ž yi v . < 2Assume F z to be a real coefficient rational function. Then F e
is a positive rational function of the cosines; therefore, it is also a rational
v2function of y s cos .2
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Ž .For the sake of considering the orthogonal condition 1.7 , we let
v2yiv 2F e s R cos , 2.1Ž . Ž .ž /2
Ž .where R y is a rational function. For our purposes we need, however,
Ž yi v . < Ž yi v . < < Ž yi v . < 2 Ž yi v .F e or F e itself, not F e . So we must determine F e
Ž .by the given R y in advance. This needs the following lemma.
LEMMA 1. Let M be a positi¤e trigonometric rational function of cosines;
M is necessarily of the form
L K
M v s a cos lv b cos kv , with a , b g R .Ž . Ý Ýl k l k
ls0 ks0
Then there exists a trigonometric rational function
L K
yi lv yi k vm v s p e q e , with p , q g RŽ . Ý Ýl k l k
ls0 ks0
< Ž . < 2 Ž .such that m v s M v .
Ž w x.This lemma can be easily verified by the Riesz lemma see 6 with
respect to the positive polynomials of cosines.
Let
v v2yiv 2 2F e s P 1 y cos Q 1 y cos , 2.2Ž . Ž .ž / ž /2 2
Ž . Ž .where P and Q are real coefficient polynomials and P y Q y ) 0 on
w x Ž .0, 1 . According to Lemma 1, we can determine the rational function F z
Ž . Ž .by the chosen polynomial P and Q. Putting 1.9 and 2.2 together, we
have
N 2v P 1 y cos vr2Ž .Ž .2 2H v s cos . 2.3Ž . Ž .2ž /2 Q 1 y cos vr2Ž .Ž .
v2 Ž .Denote cos by y. Then substituting 2.3 into the orthonormal condition2
Ž .1.7 leads to
NNy P 1 y y Q y q 1 y y P y Q 1 y y s Q y Q 1 y y . 2.4Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .
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Ž . Ž . Ž . Ž . Ž . Ž . Ž .If we let S y s P y Q 1 y y and T y s Q y Q 1 y y , then 2.4 can
be rewritten as
NNy S 1 y y q 1 y y S y s T y . 2.5Ž . Ž . Ž . Ž . Ž .
Ž . Ž . Ž . Ž . Ž . Ž .Since P 1 y y rQ 1 y y s S 1 y y rT 1 y y and T y s T 1 y y , we
Ž . Ž .obtain from 2.2 and 2.5
S 1 y y vŽ .2yiv 2F e s , y s cos . 2.6Ž . Ž .NN 2y S 1 y y q 1 y y S yŽ . Ž . Ž .
Ž . Ž .Thus, for a given polynomial S y , the equation 2.6 determines a rational
Ž .function F z . Correspondingly we obtain the two different types of
rational filters
Nyiv1 q e
I yivH v s F e 2.7Ž . Ž . Ž .ž /2
and
Nyiv1 q e
II yivH v s F e . 2.8Ž . Ž . Ž .ž /2
IŽ . IIŽ .We call H v and H v a I-type rational filter and II-type rational
Ž . Ž .filter, respectively. Both of them satisfy 1.7 and 1.8 .
Next, we discuss the existence of the scaling functions corresponding to
Ž . Ž .the rational filters. For this, we consider conditions 1.11 and 1.12 .
Ž . Ž . Ž .According to 1.11 , the polynomial S y in 2.6 must satisfy
S 1 y yŽ .
2Ž Ny1. w x0 - - 2 , for y g 0, 1 . 2.9Ž .NNy S 1 y y q 1 y y S yŽ . Ž . Ž .
Ž . Ž .THEOREM 1. Let S y be a real coefficient polynomial. F z is a rational
Ž . Ž . Ž .function determined by 2.6 . If S y satisfies the inequality 2.9 , then the
scaling functions corresponding to the I-type and II-type rational filter exist.
Ž . Ž yi v .Proof. In fact, we only need to verify the condition 1.12 for F e
< Ž yi v . < Ž yi v . < Ž yi v . <and F e . For this, we have to expand F e and F e .
Ž . Ž . Ž .2.9 and 2.6 tell us that there is not any pole of F z on the unit
Ž . Ž .circle. Let all the poles of F z be z , z , . . . , z . Then F z can be written1 2 r
as
r Ai
F z s q D z , 2.10Ž . Ž . Ž .Ý m iz y zŽ .is1 i
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Ž .where integer m G 1, D z is a polynomial and A are real or complexi i
< < < < < <constants. For a certain z , either z ) 1 or z - 1. If z ) 1, then wei i i i
have
m iA y1 AŽ .i ism mi im iz y z z 1 y zrzŽ . Ž .i i i
j‘A m m q 1 ??? m q j y 1 zŽ . Ž .i i i im is y1 1 q .Ž . Ým i ž /z j! zi ijs1
2.11Ž .
< <If z - 1, then we similarly havei
A Ai ism mi im iz y z z 1 y z rzŽ . Ž .i i
‘ jA m m q 1 ??? m q j y 1 zŽ . Ž .i i i i is 1 q . 2.12Ž .Ým ž /iz j! zjs1
Ž . Ž . Ž .Combining 2.11 and 2.12 with 2.10 , we obtain the expansion of
Ž yi v . Ž .F e and this expansion naturally satisfies 1.12 so that the scaling
functions corresponding to the I-type rational filters exist.
Next, we consider the expansion of a II-type rational filter. Since the
< Ž yi v . < < Ž yi v . <F e is an even function with 2p period, F e can be expanded to
a Fourier series
yi v yi k vF e s f e , 2.13Ž . Ž .Ý k
kgZ
where
p1
yi k vf s f s F e cos kv dv , k s 0, 1, 2 . . . . 2.14Ž . Ž .Hk yk p 0
Ž . Ž . Ž . Ž .When S y satisfies 2.9 , the rational function F z determined by 2.6
has neither zeros nor poles on the unit circle. This implies that the
< Ž yi v . <F e is two times continuously differentiable. According to the Fourier
Ž y2 . Ž . Ž .series theory, f s O k so that the expansion 2.13 also satisfies 1.12 .k
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Ž .Now, we give some choices of S y . Let
Ny1
k q N y 1 kP y s y . 2.15Ž . Ž .ÝN ž /k
ks0
Ž . Ž .P y is a polynomial solution of the equation 2.16N
N N1 y y P y q y P 1 y y s 1 2.16Ž . Ž . Ž . Ž .N N
Ž . 2Ž Ny1. w x Ž w x. Ž .and 0 - P y - 2 for y g 0, 1 see 1, Lemma 7.1.4 . If S y sN
Ž . Ž .P y , then 2.6 becomesN
v2yiv 2F e s P sin . 2.17Ž . Ž .N ž /2
Ž w x.It just corresponds a Daubechies wavelet see 1 . This means that
Daubechies wavelets are included in the family of the wavelets derived
from I-type rational filters.
Ž . Ž .If S y s 1, then 2.6 becomes
y1N Nv v2yiv 2 2F e s cos q sin , 2.18Ž . Ž .ž / ž /2 2
Žwhich corresponds to a good regularity wavelet for sufficiently large N see
. Ž .Section 4 . Especially when N s 1, 2.18 corresponds to Haar wavelet.
Ž .Next, we give a method by which S y can be chosen more easily. Let
S y s P 1 y y q r y q r 1 y y , 2.19Ž . Ž . Ž . Ž . Ž .N
Ž . Ž . Ž .where P y is the polynomial introduced in 2.15 and r y is a polyno-N
Ž . Ž .mial. Substituting 2.19 into 2.6 leads to
P 1 y y q r y q r 1 y y vŽ . Ž . Ž .2 Nyiv 2F e s , y s cos .Ž . NN 21 q r y q r 1 y y y q 1 y yŽ . Ž . Ž .
2.20Ž .
Ž . w x Ž yi v .THEOREM 2. If N G 2 and r y G 0 for y g 0, 1 , then the F e
Ž . Ž .determined by the equation 2.20 satisfies 1.11 .
Ž . w xProof. Since r y G 0 for y g 0, 1 , we have
Ny1r y q r 1 y y F 2 r y q r 1 y y .Ž . Ž . Ž . Ž .
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w x N Ž .N yŽNy1.Besides for y g 0, 1 , y q 1 y y G 2 . Considering the relation
Ž . Ž . 2Ž Ny1.2.16 and inequality 0 - P y - 2 , we haveN
0 - P 1 y y q r y q r 1 y yŽ . Ž . Ž .N
N2ŽNy1. N- 2 1 q r y q r 1 y y y q 1 y y .Ž . Ž . Ž .½ 5
Hence
P 1 y y q r y q r 1 y yŽ . Ž . Ž .N 2ŽNy1.0 - - 2 .NN1 q r y q r 1 y y y q 1 y yŽ . Ž . Ž .
Ž . Ž .Remark. When r y ’ 0, Daubechies filter 2.17 can also be obtained
Ž . Ž .from 2.20 , but filter 2.18 cannot.
3. II-TYPE RATIONAL FILTERS AND
ÂBATTLE]LEMARIE WAVELETS
IIŽ .For a II-type filter H v , it satisfies
H II v s eyi NvH II yv . 3.1Ž . Ž . Ž .
This implies that the scaling function corresponding to a II-type rational
Ž . Ž . Ž .filter has linear phase. In fact, combining 1.3 and 2.8 with 3.1 , we
easily obtain
w v s eyi Nvw yv . 3.2Ž . Ž . Ž .Ã Ã
Ž . Ž .3.2 shows that w x is symmetric about x s yNr2. From the relations0
Ž . Ž . Ž .1.4 , 1.6 , and 3.1 , we can similarly derive
N yivÃ Ãc v s y1 e c yv . 3.3Ž . Ž . Ž . Ž .
Ž .This means that the wavelet function c x is symmetric about x s y1r20
when N is even or antisymmetric about x s y1r2 when N is odd.0
Next we discuss the relations between II-type rational filters and
Battle]Lemarie wavelets. We first recall Battle]Lemarie wavelets refer-Â Â
w x w xring to Battle's paper 7 and Chui's book 8 .
Ž .An m order B-spline function N x is defined asm
N x s N x ) N x 3.4Ž . Ž . Ž . Ž .m myl l
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Ž . w .where N x is the indicator function of the interval 0, 1 , and the sign )l
denotes a convolution operation. The Fourier transform of N ism
myiv1 y eÃN v s . 3.5Ž . Ž .m ž /iv
Let
2ÃU v s N v q 2kp . 3.6Ž . Ž . Ž .Ým m
kgZ
Then, performing a orthonormalization trick, we obtain the Fourier trans-
form of the Battle]Lemarie scaling functionÂ
Ã 'w v s N v r U v . 3.7Ž . Ž . Ž . Ž .Ãm m
Thus the filters of Battle]Lemarie wavelets areÂ
myiv1 q e U vŽ .m
H v s w 2v rw v s . 3.8Ž . Ž . Ž . Ž .Ã Ãm m (ž /2 U 2vŽ .m
Let
yi vF e s U v rU 2v . 3.9'Ž . Ž . Ž . Ž .m m m
Ž . w x Ž .According to the formula 4.2.18 in 8 , U v can be written asm
eiŽmy1.v
yivU v s E e , 3.10Ž . Ž . Ž .m 2 my12m y 1 !Ž .
Ž .where E z is a Euler]Frobenius polynomial of degree 2m y 2.2 my1
Ž .E z has 2m y 2 real zeros l , l , . . . , l the distribution of2 my1 1 2 2 my2
which is
w x0 ) l ) l ) ??? ) l ) y1 ) l ) ??? ) l see 8, Chap. 4Ž .1 2 my1 m 2 my2
and they satisfy
l l s l l s ??? s l l s 1.1 2 my2 2 2 my3 my1 m
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Thus we have
yi Žmy1.v yiv yiv yive e y l e y l ??? e y lŽ . Ž . Ž .1 2 2 my2yivF e sŽ .m ) yi 2 v yi2 v yi2 ve y l e y l ??? e y lŽ . Ž . Ž .1 2 2 my2
2yiv yivmy1 my1e y l e y lk ks s . 3.11Ž .) Ł Łyi 2 v yi2 ve y l e y lks1 ks1k k
Ž .3.11 shows that the filters of Battle]Lemarie wavelets are the II-typeÂ
rational filters.
Ž yi v . Ž .Furthermore, we can also prove that F e satisfies 1.11 . In fact,m
Ž . w xfor m G 2, we have from formula 4.2.10 in 8
1
2 mU 2v s sin vŽ . Ým 2 m
v q kpŽ .kgZ
1 1 1
2 m 2 ms sin v q q sin v Ý2 m 2 m 2 mv p y v v q kpŽ . Ž .kgZ
k/0, y1
1 1
2 mG sin v q2 m 2 mv p y vŽ .
1 1
2 mG min sin v q2 m 2 mvw xvg 0, p p y vŽ .
2 m2
y2 Žmy1.s 2 ) 2 .ž /p
Ž . Ž w x.Since U v F 1 cf. 8, Chap. 4 , we obtainm
F eyi v - 2 my 1. 3.12Ž . Ž .m
Ž . Ž yi v .That is, the condition 1.11 for F e holds.m
Ž . wRemark. Actually, a better estimate than 3.12 has been given in 1,
xChap. 5 . Our purpose here is only to state that Battle]Lemarie waveletsÂ
Ž .belong to the II-type rational filter family restricted by 1.11 .
From the above discussion, we have known that the family of the II-type
rational filter wavelets include Battle]Lemarie wavelets and have linearÂ
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phases. It is the reason we propose and investigate the II-type rational
filters.
4. REGULARITY ANALYSIS
a Ã a Ž . < < Ž . <Ž < <. 4Define C s f x H f v 1 q v dv - ‘ and call a the regularityR
Ž .index of f x .
Ž . Ž . Ž .Since a filter H v can be factorized as the form of 1.9 , H v and
Ž yi v .F e depend on N. Let us add subscript N to them in this section. That
is, they are denoted by H and F , respectively, and the correspondingN N
scaling function and wavelet function are denoted by w and c , respec-N N
tively.
The regularity index a of Daubechies wavelet c has been estimatedN N
w x w xby Daubechies 1, 2 and Volkmer 9 . By investigating the polynomial
filters, Volkmer gives the asymptotic result
a log 3 log N log NN F 1 y q O f 0.2075 q O 4.1Ž .ž / ž /N 2 log 2 N N
and
a log 3N
lim s 1 y . 4.2Ž .
N 2 log 2N“‘
Regularity means smoothness. One is interested in finding wavelets as
smooth as possible which leads to the problem in estimating the upper
< Ž yi v . <bounds of F e s.N
Now, we approach regularity from the rational filters. Denote B sN
< Ž yi v . < Ž .sup F e . We apply the general estimate 4.3v g R N
yNqlog B rlog 2N< <w v F C 1 q v 4.3Ž . Ž . Ž .ÃN
w xgiven by Daubechies 1, Lemma 7.1.2 to analyze the regularity of rational
Ž .filter wavelets. According to 4.3 , we only need to estimate B in theN
family of rational filters.
 Ž . < Ž .LEMMA 2. Denote V s S y S y is a polynomial with real coefficients,
Ž . w x4and S y ) 0 for y g 0, 1 . Then for a positi¤e integer N
S 1 y yŽ .
Ny1inf sup s 2 . 4.4Ž .NNsgV y S 1 y y q 1 y y S yŽ . Ž . Ž .w xyg 0, 1
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Ž .Proof. For any S y g V, we have
S 1 y yŽ .
sup NNy S 1 y y q 1 y y S yŽ . Ž . Ž .w xyg 0, 1
S 1r2Ž .
Ny1G s 2 ;N N1r2 S 1r2 q 1r2 S 1r2Ž . Ž . Ž . Ž .
hence
S 1 y yŽ .
Ny1inf sup G 2 . 4.5Ž .NNSgV y S 1 y y q 1 y y S yŽ . Ž . Ž .w xyg 0, 1
Ž .Besides, for S y ’ 1
S 1 y y 1Ž .
Ny1sup s sup s 2 .N NN Ny S 1 y y q 1 y y S y y q 1 y yŽ . Ž . Ž . Ž .w x w xyg 0, 1 yg 0, 1
This implies
S 1 y yŽ .
Ny1inf sup F 2 . 4.6Ž .NNSgV y S 1 y y q 1 y y S yŽ . Ž . Ž .w xyg 0, 1
Ž . Ž .Combining 4.5 with 4.6 , we immediately prove the lemma.
Ž .Note that 4.4 also holds for the family of the real functions larger than
w xzero on the interval 0, 1 .
For a fixed N, Lemma 2 tells us that 2ŽNy1.r2 is the least value of B inN
< Ž yi v . < Ž .the family of the F e s determined by 2.6 . This least value isN
Ž . Ž .reached when S y ’ 1 in 2.6 . It corresponds the rational filter
Nyiv1 q e
I yivH v s F e 4.7Ž . Ž . Ž .N Nž /2
or
Nyiv1 q e
II yivH v s F e , 4.8Ž . Ž . Ž .N Nž /2
Ž yi v . Ž . Ž .where F e is determined by 2.18 . In such a case, 4.3 is written asN
wŽ . xy Nq1 r2< <w v F C 1 q v 4.9Ž . Ž . Ž .ÃN
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and for the regularity index a of the scaling function corresponding toN
Ž . Ž .the filter 4.7 or 4.8 , we have
a 1N F 0.5 q O 4.10Ž .ž /N N
and
aN
lim s 0.5. 4.11Ž .
NN“‘
Ž . Ž .The estimate 4.10 is a great improvement as compared with 4.1 .
The above discussion has proven the following result.
Ž .THEOREM 3. For the wa¤elets deri¤ed from the rational filter 4.7 or
Ž . Ž . Ž .4.8 , their regularity indices satisfy the asymptotic estimate 4.10 and 4.11 .
5. EXAMPLES AND COMPUTATION
In this section, we give the details of the expansion of a rational filter. In
Ž .example 1, we expand the I-type rational filter 4.7 for N s 3 and N s 4.
Ž .In example 2, we expand II-type rational filter 4.8 for N s 3 and N s 4.
Ž . Ž .EXAMPLE 1. For N s 3, we first solve the F z in the filter 4.7 by the3
relation
y13 3v v 82yiv 2 2F e s cos q sin s . 5.1Ž . Ž .ž / ž /2 2 5 q 3 cos 2v
Ž . Ž 2 .y1 Ž .Let F z s a q a z q a z and substitute it into 5.1 . Then we3 0 1 2
Ž .compare the corresponding coefficients of two sides of 5.2
21 8
s . 5.2Ž .yi v yi2 v 5 q 3 cos 2va q a e q a e0 1 2
Consequently, we obtain a s 3r4, a s 0, a s 1r4. Hence0 1 2
4 4r3
yi vF e s sŽ .3 yi2 v yi2 v3 q e 1 q e r3
5.3Ž .
k‘4 1k yi2 k vs y1 e .Ž .Ý ž /3 3ks0
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Ž . Ž .Substituting the expansion 5.3 into 4.7 , we obtain the filter coefficients
h of this I-type rational filter. For N s 4, we can obtain the filterk
coefficients in the same way. Table I lists the values of the filter coefficient
sequences.
TABLE I
Ž .The Filter Coefficients of I-type Rational Filters 4.7 for
N s 3 and N s 4
K N s 3 N s 4
0 0.333333333 0.187961750
1 1.000000000 0.751847000
2 0.888888889 1.036415700
3 0.000000000 0.386427800
4 y2.96296296 y0.319086301
5 0.000000000 y0.201096200
6 0.098765432 0.136777037
7 0.000000000 0.090912350
8 y0.032921810 y0.060849086
9 0.000000000 y0.040633695
10 0.010973936 0.027154330
11 0.000000000 0.018143195
12 y0.003657978 y0.012123043
13 0.000000000 y0.008100330
14 0.001219326 0.005412472
15 0.000000000 0.003616498
16 y0.000406442 y0.002416465
17 0.000000000 y0.001614631
18 0.000135480 0.001369575
19 0.000000000 0.000720872
20 y0.000045160 y0.000691925
21 0.000000000 y0.001162858
22 0.000015053 y0.000952604
23 0.000000000 y0.000321842
24 y0.000005017 0.000215048
25 0.000000000 0.000143691
26 0.000001672 y0.000096010
27 0.00000000 y0.000064152
28 y0.000000557 0.000042865
29 0.000000000 0.000028641
30 0.000000185 y0.000019138
31 y0.000012787
32 0.000008544
33 0.000005709
y6< <34 h - 10 y0.000003815k
35 y0.000002549
36 0.000001703
37 0.000001138
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w xWe use the algorithm given in 10 to carry out numerical computations
of the corresponding scaling and wavelet functions. They are plotted in
Fig. 1. These plots clearly show that they are smoother than Daubechies'
ones for a fixed N.
Ž .EXAMPLE 2. Let us expand II-type filter 4.8 . We need to calculate the
integrals
p1 cos kv dv
f s , k s 0, 1, 2, . . . . 5.4Ž .Hk N Np v v0
2 2cos q sin(ž / ž /2 2
They may be calculated by the Romberg integration. We can easily prove
that f s 0 for odd k. The filter coefficients h for N s 3 and 4 are listedk k
Ž .FIG. 1. The functions w, c corresponding to I-type filter 4.7 for N s 3, 4.
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TABLE II
Ž .The Filter Coefficients of II-type Rational Filter 4.8 for
N s 3 and N s 4. The h Satisfy h s hk k ykyN
K N s 3 N s 4
y 2 1.103026301
y1 0.971614575 0.602452610
0 0.169083725 y0.082033975
1 y0.159553190 y0.133198902
2 y0.014296170 0.043247447
3 0.039688305 0.041594690
4 0.002400235 y0.017895556
5 y0.010996615 y0.014961675
6 y0.000502245 0.007285747
7 0.003202493 0.005736125
8 0.000117601 y0.002991258
9 y0.000959703 y0.002277120
10 y0.000029421 0.001240646
11 0.000293102 0.000924147
12 0.000007866 y0.000518840
13 y0.000090518 y0.000380538
14 y0.000002052 0.000218699
15 0.000028305 0.000158517
16 0.000000553 y0.000092696
17 y0.000066551
18 0.000039566
19 0.000028272
20 y0.000016779
21 y0.000011933
22 0.000009187
23 0.000004905
y6< <24 h - 10 y0.000003399k
25 y0.000002398
26 0.000001238
y6< <h - 10k
in Table II. Note that the coefficients h satisfy h s h . Their scalingk k ykyN
functions and wavelet functions are plotted in Fig. 2.
6. DISCUSSION
The variety of applications demands the variety of the wavelets avail-
able. This directly leads to the necessity of extending the construction of
wavelets. Indeed, the rational filters extend the construction of wavelets.
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Ž .FIG. 2. The functions w, c corresponding to II-type filter 4.8 for N s 3, 4.
Especially rational filter wavelets include two important families:
Daubechies wavelets and Battle]Lemarie wavelets.Â
Linear phase plays an important role in the reconstruction of a com-
pressed image. Because II-type filter wavelets have linear phases, they
deserve to be recommended for the reconstruction of signals.
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